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Abstract  - A new method i s  p resen ted  t o  op t imize  e l ec -  
t rode  and i n s u l a t o r  contours. I n  t h e  method, e l ec t rode  
and i n s u l a t o r  contours  a r e  modified by us ing  i t e r a t i o n  
methods used i n  non l inea r  programming s o  t h a t  des i r ed  
e l e c t r i c  f i e l d  d i s t r i b u t i o n  i s  obtained. Gauss-Newton 
method, quasi-Newton method, conjugate  g r a d i e n t  method 
o r  s t e e p e s t  d e s c e n t  method i s  used  a s  t h e  i t e r a t i o n  
method. The e l e c t r i c  f i e l d  d i s t r i b u t i o n s  a r e  computed 
by means of t h e  su r face  charge s i m u l a t i o n  method. This  
p a p e r  shows t h a t  Gauss-Newton method g i v e s  v e r y  f a s t  
convergence. 
INTRODUCTION 
R e c e n t l y ,  s e v e r a l  u s e f u l  p a p e r s  c o n c e r n i n g  t h e  
op t imiza t ion  of e l e c t r o d e  and i n s u l a t o r  contour  based 
on  s u r f a c e  c h a r g e  s i m u l a t i o n  method o r  c h a r g e  s imu- 
l a t i o n  method were p re sen ted [ l ] - [3 ] .  I n  such opt imiza-  
t i o n ,  s e l e c t i o n  of t h e  r u l e  of contour  mod i f i ca t ion  i s  
a impor t an t  problem: we have t o  determine t h e  d i r e c t i o n  
t o  move t h e  c o n t o u r  i n  a n d  t h e  d i s t a n c e  t o  modify. 
Then m o d i f i c a t i o n  o f  t h e  c o n t o u r  i s  done s o  t h a t  
d e s i r e d  e l e c t r i c  f i e l d  d i s t r i b u t i o n  i s  obtained. 
The au tho r s  have developed an  op t imiza t ion  method 
which determines op t ima l  contour  au tomat i ca l ly .  I n  t h e  
method, su r f ace  charge s imula t ion  method[4], by which 
e l e c t r i c  f i e l d  d i s t r i b u t i o n  i s  o b t a i n e d  w i t h  h i g h  
accuracy, and i t e r a t i o n  methods, which a r e  techniques 
f o r  non l inea r  programming, a r e  used f o r  t h e  computation 
of e l e c t r i c  f i e l d  and t h e  mod i f i ca t ion  of e l e c t r o d e  and 
i n s u l a t o r  contours ,  r e spec t ive ly .  Gauss-Newton method, 
quasi-Newton method,  c o n j u g a t e  g r a d i e n t  method o r  
s t e e p e s t  d e s c e n t  method i s  used  as  t h e  i t e r a t i o n  
method. Further ,  i n  o rde r  t o  demonstrate  t h e  v a l i d i t y  
o f  t h e  p roposed  method,  a Borda e l e c t r o d e  model  and  a 
s p h e r e  e l e c t r o d e  model a r e  chosen  a s  o p t i m i z a t i o n  
examples. 
SURFACE CHARGE SIMULATION METHOD 
The e l e c t r i c  f i e l d  d i s t r i b u t i o n s  a r e  computed by 
means of t h e  su r face  charge s i m u l a t i o n  method[4] us ing  
curved su r face  e l emen t s [5 ]  and curved l i n e  elements  f o r  
t h r e e - d i m e n s i o n a l  p r o b l e m s  a n d  t w o - d i m e n s i o n a l  
p r o b l e m s ,  r e s p e c t i v e l y .  Fo r  p e r f o r m i n g  t h e  c o n t o u r  
mod i f i ca t ion  smoothly, t h e  su r face  of each element  is  
d e f i n e d  s o  t h a t  t h e r e  i s  o n l y  one n o r m a l  v e c t o r  f o r  
each p o i n t  on t h e  boundary between two elements. 
The p o t e n t i a l ,  V ,  and  t h e  e l e c t r i c  f i e l d ,  E,  
induced a t  a s p e c i f i c  p o i n t  a r e  given by 
+ 
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E S  
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where 0 i s  a su r face  charge d e n s i t y ,  6 i s  a fundamental 
s o l u t i o n  and  S i s  t h e  t o t a l  a r e a  o f  e l e c t r o d e  and 
i n s u l a t o r  s u r f a c e s .  
I n  t h e  s u r f a c e  c h a r g e  s i m u l a t i o n  method, t h e  
e l e c t r o d e  and i n s u l a t o r  s u r f a c e s  a r e  d i v i d e d  i n t o  
su r face  elements ,  which a r e  curved su r face  t r i a n g u l a r  
e lements  i n  three-dimensional  problems o r  curved l i n e  
e l e m e n t s  i n  t w o - d i m e n s i o n a l  p r o b l e m s ,  and nodes  a r e  
d e f i n e d  on t h e  t h e  s u r f a c e  e l e m e n t s .  Fo r  example ,  t h e  
node on t h e  c u r v e d  s u r f a c e  t r i a n g u l a r  e l e m e n t  i s  
de f ined  a t  each ve r t ex  and t h e  node on t h e  curved l i n e  
e l e m e n t  i s  d e f i n e d  a t  e a c h  end. The s u r f a c e  c h a r g e  
d e n s i t y  on t h e  s u r f a c e  e l e m e n t  i s  d i s c r e t i z e d  by t h e  
magnitude a t  each node, and i s  approximated by a l i n e a r  
f u n c t i o n  of coordinates .  
The flux c o n t i n u i t y  cond i t ion  a t  a s p e c i f i c  po in t  
on t h e  i n s u l a t o r  su r face  i s  given by 
+ + +  
( E E  - € E ) * n = O  
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( 3 )  
where E, and E2 a r e  p e r m i t t i v i t i e s  of two d i e l e c t r i c s  
and n i s  a u n i t  normal vec to r  a t  a s p e c i f i c  point .  
When a p p l y i n g  t h e  p o t e n t i a l  c o n d i t i o n  g i v e n  by 
Eq. ( 1 )  t o  t h e  nodes  on t h e  e l e c t r o d e  s u r f a c e s  and  t h e  
f l u x  c o n t i n u i t y  cond i t ion  given by Eq. (3) t o  t h e  nodes 
on t h e  i n s u l a t o r  su r faces ,  a system of l i n e a r  equat ions 
i s  obtained i n  t h e  form: 
+ 
[Cl{Ol = {VI (4) 
where  [C] i s  a c o e f f i c i e n t  m a t r i x ,  {a) i s  a d i s c r e -  
t i z e d  s u r f a c e  charge d e n s i t y  vec to r  and {v)  i s  a condi- 
t i o n  vector .  An element  of {v} i s  a p o t e n t i a l ,  which i s  
g i v e n  by t h e  p o t e n t i a l  c o n d i t i o n  on t h e  e l e c t r o d e  
s u r f a c e s ,  o r  z e r o ,  w h i c h  i s  g i v e n  b y  t h e  f l u x  
c o n t i n u i t y  cond i t ion  on t h e  i n s u l a t o r  surfaces .  
OPTIMIZATION METHOD 
I n  o rde r  t o  ob ta in  t h e  d e s i r e d  f i e l d  d i s t r i b u t i o n s  
on a n y  e l e c t r o d e  a n d / o r  i n s u l a t o r  s u r f a c e ,  e l e c t r o d e  
and i n s u l a t o r  contours  a r e  modified by us ing  i t e r a t i o n  
methods used i n  non l inea r  programming[61. 
When a p p l y i n g  t h e  n o n l i n e a r  programming,  t h e  
ob jec t . func t ion ,  W, can be w r i t t e n  as 
( 5 )  
2 L 2  T 
L 
W = C (E.-E.  ) = C w. = {w) 
i=l 
1 10 
i =1 - .  
where 
Ei and EiO a r e  t h e  computed e l e c t r i c  f i e l d  s t r e n g t h  
w i = E .  1 - E i o  
a n d  t h e  d e s i r e d  e l e c t r i c  f i e l d  s t r e n g t h  a t  node,  i, 
respec t ive ly ,  and L i s  t h e  number of t h e  nodes a t  which 
d e s i r e d  e l e c t r i c  f i e l d  s t r e n g t h s  a r e  given. 
In theproposed op t imiza t ion  method, t h e  nodes on t h e  
e l e c t r o d e  and  i n s u l a t o r  t o  be o p t i m i z e d  move o n l y  i n  
t h e  d i r e c t i o n  o f  t h e  n o r m a l  v e c t o r  i n  o r d e r  t o  r e d u c e  
t h e  number o f  d e s i g n  v a r i a b l e s .  The d e s i g n  v a r i a b l e  
vec to r  c o n s i s t s  of t h e  displacements  of t h e  nodes and 
i s  given as 
{XI = { x  , x ... X j  ... X M P  ( 6 )  
where x j  i s  t h e  displacement  of node, j ,  i n  t h e  normal 
d i r e c t i o n  and  M i s  t h e  number o f  t h e  nodes  t o  be 
modified. 
The design v a r i a b l e  vec to r ,  {XI,  i s  determined so  
t h a t  t h e  o b j e c t  func t ion  i s  minimized. The approximate 
s o l u t i o n  of {x) a t  t h e  /cth i t e r a t i o n  s t e p  i s  given by 
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(7) 
k k k  {x}~" = {x} +a {d} 
k k where {d} 
coefficient to be determined by a linear-search method. 
is the search direction vector and a is a 
{df is given as follows: 
k k -1 k 
{d} = -([GI ) VW (Gauss-Newton method) ( 8 )  
k 
Id} = -[HIkVWk (Quasi-Newton method) ( 9 )  
(Conjugate gradient method) (10) 
{d} = -VW (Steepest descent method) (11) 
VW = 2[Jl {w) 





[GI is the Beasian matrix and [Jl is the Jacobi matrix. 
[HI is computed by the formula of the DIP ietbod [6]. 
We have to compute the Jacobi matrix in order to 
evaluate Eqs. (8)-(11). Using Eq. (6), the Jacobi 
matrix is written as 
a{wi a{wi a{wi 
ax ax 
a{El aIE1 a{El 
ax ax 
[J] . [--... -1 
1 2 
. [-.-I (12) 
1 2 
From E q .  (2), electric field vector (E} is given by 
{E} = [Fl{a} (13) 
where [F] is a coefficient matrix. Using Eqs. ( 5 )  and 
(13), we can obtain 
a[Fl -1 a[ci 
(14) - -  a'E} - (-+ [F][C] -){a} ax ax ax m 
For computing the Jacobi matrix by the use of the 
difference approximations of Eq. (12), field computa- 
tion is required M times. But by the use of the 
difference approximates of Eq. (141, the number of 
field computation times can be reduced to one. 
The optimization is carried out automatically by 
the program which consists of two parts. One is used to 
determine the search direction, and another is used to 
determine the design variable vector and modify the 
electrode and insulator contours. The computations are 
iterated until the object function reaches the minimum 
value. 
COMPUTATION RESULTS 
In order to verify the effectiveness of the 
proposed optimization method, two models were 
investigated: a Borda electrode model and a sphere 
model in a cube. In the two models, the desired field 
strength is the uniform strength which is defined by 
dividing the potential difference by the shortest 
distance between electrodes. 
Borda Electrode Model 
The Borda electrode model, which is the two- 
dimensional model called a/2 Borda Electrode, is shown 
in Fig. 1. Gauss-Newton meth,od, quasi-Newton method, 
conjugate gradient method and steepest descent method 
are used for the Borda electrode model. In this model, 
contour A-B without nodes A and B is modified and 
Gauss-Newton method 
b.4 Quasi-Newton method 
A----A Conjugate gradient method 
0 .......... A Steepest descent method 
a 0  -9k 
m - 9  * I v  
0 -  
k % - 2 . 5  v! t 
-5  L 





- 5  1 f 
Fig. 2 Computation errors of distance between 
electrodes for the Borda electrode model, 
(a) errors of distance, (b) errors of electric 
field. 
1 Gauss-Newton method 
0-.4 Quasi-Newton method 
&---A Conjugate gradient method 
P . - - - - ~  Steepest descent method 
x 
I 
d G lo- 
I I I I 1 
0 4 8 12 16 20 
Iteration steps 
Fig. 3 Changes in the normalized value of the 
object function for the Borda electrode model. 
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.... ...... Initial contour f.., . .. 
---Iteration step 1 
-Optimal contour ; 
s F I  20 A 
A  B 
Fig. 4 Changes of electric field distributions 
along contour A-B of the Borda electrode. 
Fig. 5 A sphere electrode model in a cube 
(L=45, M=42). 
- Gauss-Newton method 
--d Quasi-Newton method 
&---A Conjugate gradient method 
I I I I I I 
0 4 8 12 16 20 24 
Iteration steps 
Fig. 6 Changes in the normalized value of the 
object function for the sphere electrode model. 
electric field at each node on contour A-B is 
evaluated. Therefore, the number of nodes to be 
modified and the number of nodes, at which desired 
electric field strengths are given, are 5 and 7, 
respectively: M=5 and L=7. And 100/n (V/unit length) is 
given uniformly as desired electric field strength. 
In Fig. 1 ,  broken line and solid line are the 
initial contour and the optimal contour which was 
obtained by Gauss-Newton method, respectively. The 
maximum error of the distance between electrodes, which 
were determined by each method, was approximately less 
than one percent as shown in Fig. 2(a). And errors of 
electric field are shown in Fig. 2(b). The computed 
electric field strengths are not over 102 percent of 
the desired electric field strength. Figure 3 shows the 
changes in the normalized value of object function. It 
was verified from Fig. 3 that Gauss-Newton method gives 
very fast convergence. The numbers of iteration steps 
were 4 ,  7, 7 and 17 for Gauss-Newton method, quasi- 
Newton method, conjugate gradient method and steepest 
descent method, respectively. Figure 4 shows the 
changes of the electric field distribution along 
contour A-B in the case of Gauss-Newton method. 
Computation results of the Borda electrode model 
show that the optimal contour which provides desired 
electric field distribution can be determined 
automatically and stably by the proposed method. 
Sphere Electrode Model 
A sphere electrode model in a cube is an 
example of three-dimensional problems. Figure 5 shows 
64 triangular elements and 108 rectangular elements on 
the sphere electrode surface and the cube surface, 
respectively. The rectangular element is a special 
element for approximating rectangular surface and the 
surface charge density on the rectangular element is 
approximated by a linear function of coordinates using 
four nodes. The number of unknown surface charge 
densities is 192. Three-dimensional shapes of the 
electrode are displayed by using small triangular mesh 
as shown in Fig. 5 and Fig. 7. In this case, triangular 
region A-B-C-A without nodes A, B and C is modified and 
electric field at each node on the triangular region A- 
B-C-A is evaluated. The number of nodes to be modified 
and the number of nodes, at which desired electric 
field strengths are given, are 42 and 45 ,  respectively: 
M=42 and L=45. And 4 0  (V/unit length) is given 
uniformly as desired electric field strength. 
Figure 6 shows the changes in the normalized value 
of object function for Gauss-Newton method, quasi- 
Newton method and conjugate gradient method. The same 
characteristics of the convergence for the three 
methods as the case of the Borda electrode model were 
obtained. Then the optimal electrode shape determined 








Fig. 8 Optimal contours A-B and A-D. 





by Gauss-Newton method after three iterations is shown 
in Fig. 7. And the optimal contours A-B and A-D in 
Fig. 7 are shown in Fig. 8. Figure 9 shows that the 
electric field distribution can be determined by each 
method so that the electric field distribution become 
approximately uniform. The numbers of iteration steps 
were 3, 19 and 2L for Gauss-Newton method, quasi-Newton 
method and conjugate gradient method, respectively. By 
the sphere electrode model, validity of the proposed 
method was verified for three-dimensional problem, too. 
CONCLUSION 
This paper proposed a new method which optimizes 
the electrode and insulator contour using the iteration 
methods of nonlinear programming on the basis of the 
surface charge simulation method. 
Computation results of two-dimensional and three- 
dimensional models showed that the optimal contour 
which provides desired electric field distribution is 
determined automatically and stably by the proposed 
method. Then it was verified that Gauss-Newton method, 
which is one of the iteration methods used in nonlinear 
programming, gives very fast convergence, and the 
number of iteration steps of quasi-Newton method and 
conjugate gradient method increases in proportion to 
the number of points to be modified. Quasi-Newton 
method and conjugate gradient method may be used for a 
model in which the optimal contour can not be obtained 
by Gauss-Newton method because ill condition arises[6]. 
We feel that the proposed optimization method is 
practicable for the design of electrical machinery and 
apparatus including electric field and/or magnetic 
field problems. 
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